We consider NS5-branes distributed along the circumference of an ellipsis and explicitly construct the corresponding gravitational background. This provides a continuous line of deformations between the limiting cases, considered before, in which the ellipsis degenerates into a circle or into a bar. We show that a slight deformation of the background corresponding to a circle distribution into an ellipsoidal one is described by a novel non-factorizable marginal perturbation of bilinears of dressed parafermions. The latter are naturally defined for the circle case since, as it was shown in the past, the background corresponds to an orbifold of the exact conformal field theory coset model SU(2)/U(1) × SL(2, R)/U(1). We explore the possibility to define parafermionic objects at generic points of the ellipsoidal families of backgrounds away from the circle point. We also discuss a new limiting case in which the ellipsis degenerates into two infinitely stretched parallel bars and show that the background is related to the Eguchi-Hanson metric, via T-duality.
Introduction
The investigation of backgrounds created by brane configurations has allowed progress in various directions of string theory. In most situations, however, this progress is limited by the supergravity approximation. Even in the absence of Ramond-Ramond fluxes, exact string solutions with a clear brane interpretation are not numerous [1] - [6] . An interesting and unexpected realization of exact string background was provided in [5] , by distributing N NS5-branes on a circle, either on a discrete set of points or continuously. In the latter case the geometry, antisymmetric tensor and dilaton backgrounds turn out to be T-dual to those of the SL(2, R)/U(1) × SU(2)/U(1) conformal sigma model.
An exact worldsheet conformal sigma model is in general the seed for generating a wider continuous or discrete moduli space of exact string solutions. This includes in particular continuous deformations induced by marginal worldsheet operators.
1 Examples of this kind and in the present framework were carried out exhaustively [7] - [17] , as e.g. the SU(2)/U(1) × SL(2, R)/U(1) model, which is known to be connected to the SU(2) × SL(2, R) by an exact marginal deformation triggered by bilinears in the SU (2) and SL(2, R) currents. It turns out though, that along the lines of deformation one usually looses track of the brane-sources, except in a few examples such as null deformations of SL(2, R) or related models. We know for example that a T-dual version of SU(2)/U(1) × SL(2, R)/U(1) is also related to SU(2) × SL(2, R) by a marginal deformation generated by a bilinear of null combinations of SU(2) and SL(2, R) currents. It connects the background of a continuous distribution of NS5-branes on a circle and that of NS5-branes at a point with F1 spread in their world-volume [9, 17] .
The original purpose of the present work is to present an example where an exact background is deformed by continuously deforming the distribution of the brane-sources, allowing thereby to be all the way in contact with the physical interpretation of the background fields. To be specific, we will consider NS5-branes distributed over a circle which is deformed into an ellipsis. Such a deformation is fully controllable at the supergravity level and embraces known geometries such as the Eguchi-Hanson solution [18] . The remarkable outcome of our analysis is that the departure from the circle is also driven by a marginal operator of the underlying SL(2, R)/U(1) × SU(2)/U(1) conformal field theory. Such a result is unexpected because of the absence of currents in these coset models. Despite that, the compact parafermions of SU(2)/U(1) can be appropriately dressed by the non-compact fields of SL(2, R)/U(1) and deliver a novel kind of operator with anomalous dimension two, which is not factorizable in terms of holomorphic and anti-holomorphic currents. Per se this is a noticeable observation because no example of this type seems to appear elsewhere.
The supergravity solution we are describing exists away from the vicinity of the circular distribution, for any finite value of the eccentricity parameter of the ellipsis. This suggests the marginal operator be exact and always present in the worldsheet theory of the "elliptic" background.
We suggest generalized compact and non-compact parafermions, extensions of the ordinary SU(2) and SL(2, R) ones, and we show that the generic deformation is driven by dressed bilinears of these compact and non-compact generalized parafermions. The existence of this operator at any point of the elliptic deformation indicates that it is exactly marginal and that the corresponding worldsheet theory is exactly conformal. A rigorous proof of this statement requires the computation of the exact anomalous 1 The issue of marginal deformations in conformal models has been discussed prolifically in the literature. We cannot be exhaustive here.
dimension of this non-factorizable operator, which is left for future work.
2 Supergravity solution for NS5-branes on an ellipsis
A constructive approach
The general form of the metric representing the gravitational field of a large number N of NS5-brane gravitational solution is
This is promoted to a solution of the field equations when it is supplemented by a closed three-form given by
where the indices are lowered and raised with the flat metric in R 4 , and a dilaton field
Satisfying the field equations and preserving half of maximum supersymmetry requires that the function H is harmonic in R 4 and in general be given by
for some everywhere positive density function ρ(x) normalized to 1. Since we are solely interested in the field theory-near horizon limit we have omitted the unity from the above expression for the harmonic function. If all centers coincide then the harmonic function above is simply H = N/r 2 , where r is the radial variable in R 4 . In this case the non-trivial four-dimensional part of the background is described by the exact conformal field theory (CFT) given as the direct product of the SU(2) N Wess-Zumino-Witten (WZW) model with a free boson with a background charge [1] . In the generic case in which the centers are randomly distributed the symmetry of R 4 is completely broken and finding a CFT associated to the background seems hopeless. In [5] the background corresponding to NS5-branes uniformly distributed on a canonical N-polygon, was explicitly constructed. In this case a U(1) × Z N symmetry is preserved where the U(1) factor corresponds to rotations in the two-dimensional space transverse to the plane where the NS5-branes are distributed. On the other hand the Z N factor is due to the discreteness of the distribution. In the continuum limit this factor becomes another U(1) and the NS5-branes are then continuously and uniformly distributed on the circumference of a circle. Moreover, using a T-duality, it was shown, that there is an exact CFT corresponding to it given by an orbifold of the SU(2)/U(1) × SL(2, R)/U(1) coset model [5] (see also [15] and for further details [16, 17] ).
In this paper we will consider NS5-branes distributed on the circumference of an ellipsis with axes ℓ 1 and ℓ 2 and density distribution
where we confine our discussion to the continuum limit. The symmetry of the background is inherited by that of the brane distribution. Therefore we expect that the background will have a reduced U(1) × Z 2 symmetry, where the first factor is the same as in the case of the circle distribution, namely it will correspond to rotations of the transverse to the NS5-branes plane. The Z 2 factor essentially interchanges the two axes of the elllipsis. We will be able to describe the deformation of a circle into an ellipsis as a novel non-factorizable perturbation by compact parafermion bilinears, appropriately dressed so that the perturbation is marginal. Moreover, their group-theoretical transformation properties under the broken U(1) symmetry factor will explain, as we shall see, the reduced symmetry from a CFT view point.
To proceed, we follow [19, 20] and parameterize in a quite general way the coordinates x i it terms of four units vectorsx i 's restricted on the unit S 3 , i.e.
The constants b i can be taken without loss of generality to be such that
This parameterization dictates that the radial variable r 2 ≥ b 1 . The line element on R 4 is then written as
where
Also the corresponding harmonic function in R 4 is
Restricting the discussion to our case, the form of the distribution density (5) dictates that
We found convenient to parameterize the components of the unit four-vector according to the decomposition of the 4 of SO(4) under doublets and singlets of SO(2) × SO(2), i.e. 4 → (2, 1) + (1, 2), as
As advertised above, this background has, for generic values of these parameters, a U(1) × Z 2 symmetry, where the former is an isometry generated by the Killing vector ∂ τ . The discrete factor is generated by the transformation ℓ 1 ↔ ℓ 2 , ψ → π/2 − ψ and θ → π − θ. This involves an interchange of the two axes of the ellipsis.
As in [5] , new insight can be obtained by performing a T-duality transformation with respect to the Killing vector ∂ τ . Since we are dealing with NS-NS fields only, the standard rules of [21] suffice. For the metric we find
The antisymmetric tensor turns out to be zero and the dilaton reads
Notice that the dilaton does not depend on the ellipsis parameters ℓ 1 and ℓ 2 . Most importantly note that due to the ranges (12) and the redefinitions (19), we have the identifications
Therefore the angular coordinates ω and ϕ have orbifold-type identifications.
Limiting cases
There are several limiting cases that are of particular interest. First, those in which the ellipsis degenerates into a circle and a bar, constructed in [5] and [22] , respectively and which we review below for completeness. In addition, we will examine a new limit in which one of the axes of the ellipsis becomes very large compared to the other. In that case the ellipsis can be viewed as two infinitely long bars kept at a fixed distance apart. In these limiting cases the isometry group gets enlarged.
Branes on the circle
When ℓ
we get the solution for NS5-branes uniformly distributed on a ring, constructed in [5] . 3 In this limit, using Eqs. (14) and (17) we find that the background becomes
where we changed the radial variable as r = ℓ 1 sinh ρ and
Note that for later convenience we have included an extra index in the fields to emphasize that they represent the leading order results in the expansion of the general ellipsis background around the circle case with ℓ
. The isometry group in Eq. (22) is U(1)× U(1) with Killing vectors ∂ τ and ∂ ψ , where the two factors correspond to rotations in the planes perpendicular as well well on the plane of the NS5-brane distribution. The second U(1) is a continuous approximation to the Z N discrete symmetry that actually leaves the exact background invariant. The exact form of the background, without passing to the continuous approximation we employ here, was computed in [5] . Finally, from Eq. (18), its T-dual is
with the identifications (21) . This is the background corresponding to a Z N orbifold of the exact CFT SU(2)/U(1) × SL(2, R)/U(1).
Branes on a bar
When ℓ 1 → 0, the NS5-branes are distributed on a bar of length 2ℓ 2 along the x 4 -axis and centered in the origin. Their distribution will not be uniform in the bar. Instead, taking in (5) the ℓ 1 → 0 limit we find
where we have, for notational convenience, dropped the index from ℓ 2 . In this case the symmetry of the background becomes SO(3) corresponding to rotations in the threedimensional space perpendicular to the bar. However, this symmetry does not become manifest if we just write down the background or its dual after setting ℓ 1 = 0. The reason is that we have chosen in (11) to parameterize the four-unit vector in a way that a possible U(1) × U(1) symmetry in the background will be manifest, i.e. according to the decomposition of the 4 of SO(4) under the SO(2) × SO(2) subgroup as 4 → (2, 1) + (1, 2). In the case of a distribution on a bar the convenient parameterization is that corresponding to the decomposition of the 4 of SO (4) under the SO(3) subgroup as 4 → 3 + 1. The result is given in [22] and is presented here for completeness. For this, it is convenient to use the following basis for the unit vectorsx i that define the three-sphere:
Also for the constants b i we choose
The expressions following from (2), (3), (7) and (9) for the four-dimensional transverse part of the metric, the antisymmetric tensor and the dilaton fields are given explicitly by
The Eguchi-Hanson metric
When one of the axis of the ellipsis becomes very large compared to the other, say ℓ 2 ≫ ℓ 1 , then the distribution density (5) becomes
where we have dropped for convenience the index in ℓ 1 . This distribution corresponds to two parallel, infinitely extended bars each one carrying half of the branes. The limiting procedure can be directly performed in the background as it is written in (14)- (17).
Indeed, let ψ = z/ℓ 2 and then take the ℓ 2 → ∞ limit which corresponds to a contraction. In this limit the harmonic function in (15) becomes
In order to make sense of the limit we have to absorb into the overall scale the factor 1/ℓ 2 . Using the parameterization
we find the useful relations
The result is a metric of the form
where we have defined the three-dimensional vector x = (x 1 , x 2 , x 3 ) The antisymmetric tensor two-form reads:
where we have also absorbed a factor of 1/ℓ 2 into the overall scale as in the case of the metric above. Its T-dual with respect to the Killing vector ∂/∂x 4 is nothing but the purely gravitational Eguchi-Hanson metric [18] written in its Gibbons-Hawking [25] two-center form ds
Regularity of the metric at the two nuts at (x, x 4 ) = (0, ±ℓ) requires the identification
This is not manifest in the two-center form of the metric but there are global-symmetry considerations for that as well as an explicit transformation [23] that transforms the metric into the form presented initially by Eguchi-Hanson. The background (33)- (34) inherits the same symmetry due to the fact that ∂/∂x 4 is a translational Killing vector. We note also that (35) is not the background corresponding to the metric (18) and the dilaton (20) after the contraction limit is taken. The latter gives a background that is not purely gravitational since there is still a non-trivial dilaton, as it can be easily seen. It can be obtained from the Eguchi-Hanson metric if the T-duality is performed with respect to a second U(1) corresponding to rotations in the (x 1 , x 2 ) plane.
The deformation from the circle to the ellipsis
In this section we will consider ellipses that deviate slightly from circles and similarly for their T-duals. We will be interested in characterizing the perturbation in terms of the corresponding CFT. We will explicitly show that the perturbation can be written as bilinears in parafermions, which are the natural chiral and anti-chiral objects in the SU(2)/U(1) coset model, dressed appropriately so that the perturbation is marginal.
Expansion around the circle
First we expand the general ellipsis background around the circle limiting case when ℓ
. 4 From Eqs. (14) and (15) we compute the leading order correction to the background (22) to be for the metric
where, as before, we have changed to a new radial variable as ρ = ℓ 1 sinh ρ. For the antisymmetric tensor, the leading correction is
Similarly, for the T-dual background the leading order correction to the metric is
We observe that the corrections have terms that are invariant under shifts of ψ. These terms can be absorbed by a simple reparametrization of ρ. Indeed, let
This induces a correction to the background (22) which should be combined with (36) and (37) . In this way we find that the correction to the metric (36) becomes ("tot" stands for the combined deformation and reparameterization)
Also the correction to the antisymmetric tensor (37) reads:
For the T-dual background expanding around the ℓ
case (18) we obtain
Note also that for the variable r this implies δr ∼ r, so that the dilaton is just shifted by a constant.
On parafermions and SL(2, R) primaries
Coset theories have natural chirally and anti-chirally conserved objects, which are called parafermions due to their non-trivial braiding properties. Let's denote them as
The first pair are also known as compact parafermions and were first introduced in [26] . Their non-compact counterparts are denoted by the second pair and were found in [27] . They obey the chiral and anti-chiral conservation laws
and generate infinite dimensional chiral algebras. Consider next the semiclassical expressions for the chiral parafermions in terms of space variables [28] 
The phases are
where J 1 ± and J 2 ± are the current components associated to the Killing vectors ∂ ϕ and ∂ ω , respectively
Note that the phases obey on-shell the condition
and are well defined, due to the first of the classical equations of motion
for the SU(2)/U(1) coset and
for the SL(2, R)/U(1) coset. The same equations of motion ensure that for the anti-chiral ones the corresponding expressions arē
The full set of the classical equations of motion guaranties also the conservation laws (44). For the readers who are willing to check that, we note that using current conservation we have that
Due to the non-local phases attached to them, the classical parafermions are non-local objects and have non-trivial braiding properties. The tentative reader will notice that these phases are different from the ones used in the computation of the Poisson algebra for the classical parafermions (see [28] ). In this computation it was important that the parafermions were not dependent on the past history of the "time" variable (− for the Ψ ± the phases were chosen to be twice the terms involving J i + in (46). 5 Recall that in general the currents corresponding to a Killing vector ξ read
and obey, on shell, the conservation law
Similarly, forΨ
± the phases were chosen to be twice the terms involving J i − in (46). This does not affect the expressions for the derivatives ∂ ± φ 1,2 given above and therefore their conservation properties (44) remain intact. The choice of phases we have made facilitates the computations of this paper.
The chiral and anti-chiral energy-momentum tensors for the σ-model corresponding to the background (24) can be written as a sum of terms involving the corresponding chiral and anti-chiral parafermions. In particular, we have that
+ Ψ
(1)
obeying ∂ − T ++ = 0, as it should be and similarly for T −− .
We are interested in constructing chiral and anti-chiral objects for the T-dual to (24) background, namely for the background (22) . Under the T-duality transformation we have the following map of worldsheet derivatives
where we have definedJ
For convenience we also define the currents
and note the transformation of the worldsheet derivatives
The equations of motion that follow from varying τ and ψ are
whereas those from varying θ and ρ are
Using the above, we determine the transformation of the phase factors appearing in the various expressions for the parafermions, under the action of T-duality:
where the new phases arẽ
In this way we find that the chiral and the anti-chiral parafermions becomẽ
andΨ
respectively. We may check that, on-shell, these parafermions are indeed chiral and anti-chiral, provided the equations of motion (57) and (58) for the background (22) are obeyed.
As an additional consistency check note that the energy-momentum tensor for the σ-model corresponding to the background (22) can be written as a sum of terms involving the corresponding parafermions. In particular,
as it should be and similarly forT −− .
For equal levels N of the SU(2) and SL(2, R) factors in the coset models, it is well known [26, 27] that the conformal dimensions of the parafermions are 1 ∓ 1/N, the two different signs corresponding to the compact and non-compact ones, respectively. It is convenient for this paper to understand them in terms of the energy-momentum tensor of the theory. Consider first the compact case in which the energy-momentum tensor is given by the difference of the Sugawara constructions of the two energy-momentum tensors for the group SU(2) and its U(1) subgroup. Hence for any operator ∆ SU (2)/U (1) = ∆ SU (2) −∆ U (1) , where ∆ U (1) = m 2 /N with m the U(1) charge. The parafermions originate from the J ± SU(2) currents which have ∆ SU (2) = 1. Since their charge eigenvalue is m = ±1, we have that ∆ U (1) = 1/N. Then the result mentioned above follows. The difference in the sign for the non-compact parafermions is due to the fact that in this case ∆ U (1) = −m 2 /N.
As a final piece of information consider the construction of SL(2, R) WZW theory affine primaries as composites of group elements. Let's define the group element g ∈ SL(2, R) in the spinor representation as
The SL(2, R) algebra generators in terms of Pauli matrices are J 0 = σ 2 /2, J ± = ±(σ 1 ∓ iσ 3 )/2. Using these, we define four elements g ab , a, b = ± as
(1 1 ± σ 2 ). Explicitly we have that
These transform in the (
), in all four combinations, in accordance with their index. The explicit transformation rules referring to SL(2, R) L are
and similarly for transformations with respect to SL(2, R) R . We may construct other irreducible representations by forming composites of these elements. In particular, consider the four simple composite objects
which will be very useful as we will soon see. (69)
Since j = 0 for all of these states, their conformal dimensions, given by −j(j +1)/(N −2), equal zero.
The background for the SL(2, R)/U(1) follows by considering the vector gauging of a U(1) subgroup generated by σ 2 , as it can be seen from (64). In a standard procedure, the configuration space is reduced by one dimension by a gauge fixing. Under the vector transformation δθ L = −ǫ and δθ R = ǫ, the g ±± parameters, as given by (66), are invariant whereas g ±∓ are not. The parafermions are by construction gauge invariant, essentially due to the dressing of the J ± currents with the Wilson lines attached to them. Because of the gauge invariance we choose a unitary gauge, which amounts to setting θ L = θ R = ω. The corresponding background is given by the relevant part in (24) . Then
are the gauged-fixed elements. Since they have U(1) charges ±1, the states have conformal dimensions equal to 1/N.
Under T-duality the factor ω in the states (69) transforms as ω → ψ − 1 2
(φ −φ).
The deformation around the circle as a marginal perturbation
Using the above formalism, it is easy to show that the correction (42) can be reproduced by adding to the sigma-model action based on the unperturbed background (24) the term
(71) 6 More general representations were worked out in a similar fashion in [29] with findings that agree with ours.
as a perturbation. This is a (1, 1) marginal perturbation since the conformal dimensions add up to one (1/N + (1 − 1/N) = 1). There is however, a delicate point to consider here. In order to preserve superconformal invariance, the central charge of the theory has to be c = 6, out of which two units are due to the free fermions. Hence, the bosonic part which consists of the cosets we have been working with has to provide the other four units. This, however, is only possible if the level of the SU(2) factor is N and that of the SL(2, R) factor N + 4 [30] . The supergravity solution is obviously insensitive to this difference in the levels, since N is assumed to be very large for the supergravity description to be valid. The above modification affects the conformal dimension of the operators in (69) which becomes 1/(N + 4) and therefore the total dimension would receive 1/N 2 corrections, seizing the perturbation (71) from being marginal unless we deal with a bosonic theory. The complete resolution of this issue is postponed for future work, but we believe that it relies into properly taking into account the fermionic degrees of freedom. The perturbation (71) is not factorizable. This is of immense importance as we know of no other such example in the literature. The rôle of the states in (69) in dressing the parafermion bilinear in the perturbation (71) is very important. To appreciate this point we note that, if the perturbation was purely due to parafermion bilinears, it would not be marginal and obviously it would not couple the two factors in the SU(2)/U(1)×SL(2, R)/U(1) model. Instead, it was shown in [31] that the perturbed SU(2)/U(1) conformal model is integrable and massive, and that it is related to the O(3) model or it flows in the infrared to the minimal models, depending on the details of the perturbation.
In the dual background the term (71) may be interpreted using the tilded parafermions as
(1) +Ψ
These terms precisely reproduce (40) and (41). The deformations at hand of the background generated by NS5-branes distributed over a circle are of a new type, as advertised previously. In particular, the fact that under the symmetry generated by the Killing vector ∂ ψ , the parafermions transform as a doublet and the fact that (71) is not a singlet, explains the breaking of the U(1) symmetry associated with the plane where the NS5-branes are distributed which occurs as the circle is deformed into an ellipsis.
It is legitimate to ask at this point why the NS5-branes, continuously distributed over an ellipsis should give still rise to an exact theory as for the circle. The main argument in favor of this is that the background at hand solves the supergravity equations for any value of ℓ 1 /ℓ 2 , with the point ℓ 1 = ℓ 2 being an exact conformal field theory dual to SL(2, R)/U(1) × SU(2)/U(1). Furthermore, departure from ℓ 1 = ℓ 2 is triggered by a conformal operator of dimension (1, 1) . One therefore expects that an underlying exact CFT must exist beyond ℓ 1 = ℓ 2 . Arguing in favor of that is the purpose of next section. 4 The general perturbation of the ellipsis
Towards generalized parafermions
We have shown so far that one can move the locus where the NS5-branes are distributed, from a circle of radius ℓ to an ellipsis with axes ℓ 1 , ℓ 2 . The corresponding metric, antisymmetric tensor and dilaton background solve, by construction, the supergravity equations. An important question is whether this background is perturbatively exact, i.e. if it receives α ′ ∼ 1/N-corrections. Let's recall that backgrounds corresponding to two-dimensional σ-models with (4, 4) worldsheet generalized extended supersymmetry [32, 33, 34] do not receive α ′ -corrections at any order in perturbation theory. This is due to the large extended supersymmetry which makes the corresponding counterterms vanish [32, 35] .
The background of the form given in Eq. (1) has (4, 4) extended worldsheet supersymmetry with the explicit expressions of the complex structures given in [24] :
The absence of 1/N corrections does not imply the absence of non-perturbative corrections. In the case of the circle background its exact form, before the continuum limit for the distribution was taken, contains explicitly such corrections which, however, are washed out in the continuum limit [5] . These corrections should be discussed in the spirit of similar studies for the discretized version of NS5-branes distributed uniformly on an infinite straight line in [36] . Such non-perturbative corrections are expected to arise for the background corresponding to the ellipsoidal distribution. Even constructing the harmonic function beyond the continuum limit (15) is however challenging in this case.
Starting from the circle and going to an almost circular ellipsis with axes ℓ 1 and ℓ 2 = ℓ 1 + δℓ is possible by means of (1, 1) marginal operators based on the compact parafermions of SU(2)/U(1) appropriately dressed with operators of the non-compact side (SL(2, R)/U(1)). Those are available in the exact conformal field theory of the circle and we have exhibited them in Sec. 3.3.
A natural question is whether or not we can integrate the above marginal deformation for finite values of the difference ℓ 2 −ℓ 1 . The usual argument for verifying the integrability of marginal operators [37] is valid in the case of left-right factorized ones, namely bilinears in holomorphic and anti-holomorphic currents. This argument does not apply, however, in the (1, 1) operators appearing in Eqs. (71) or (72) which are not factorized because of their non-compact dressing (69). We note that there are many examples of integrated marginal perturbation when the latter is a current-current perturbation. This was done explicitly for the background corresponding to the SU(2) × SU(2) WZW in [38] .
Finding the general conditions under which a non-factorized (1, 1) operator is integrable is a task that goes beyond the scope of the present work. We will adopt another strategy and search directly in the background of the ellipsis how to recast a perturbation ℓ 1 → ℓ 1 + δℓ 1 , ℓ 2 → ℓ 2 + δℓ 2 in the manner (71) or (72). As for the circle, the operators driving such a perturbation are not expected to be factorized and indeed they are not. We will see, however, that they turn out to exhibit an interesting generalized parafermionic structure valid at any ℓ 1 and ℓ 2 .
We will concentrate on the background (18) were the antisymmetric tensor vanishes and the dilaton does not depend on the parameters (ℓ 1 , ℓ 2 ), instead of its T-dual version (14)- (17) . Let us rewrite the metric in a suggestive form
where ψ = ω − ϕ as previously -the coordinates are (r, ω, ϕ, θ).
Possible candidates for the generalized parafermions can be read-off from expression (74) up to phases and possibly terms that cancel out. We introduce the following candidates for elliptic compact parafermions:
as well as their non-compact companions:
A noticeable difference with respect to the usual coset parafermions is that compact and non-compact ones are no longer decoupled in the ellipsis. This is expected since the metric (18) is not factorized into two parts.
The phases φ 1 and φ 2 can still be written as in (46). However, the currents J 1 ± and J 2 ± are no longer those in (47). They must coincide in the limit ∆ 1 → ∆ 2 where we recover the circle, in order for the elliptic parafermions (75)-(76) to match the ordinary parafermions (45) and (51) in this limit:
that is we obtain the current components of (47). We will come back to the determination of J 
The deformation
In order to determine the would-be marginal operator at generic ℓ i 's, we must analyze how the action behaves under deformations of the ellipsis. Using the elliptic parafermions introduced previously, the Lagrangian of the sigma model in the background (74) takes the form
− e −2iφ 2 .
Furthermore, the energy-momentum tensor takes again the form (52).
One can analyze the behavior of L under a general deformation of the ellipsis, ℓ 1 → ℓ 1 + δℓ 1 and ℓ 2 → ℓ 2 + δℓ 2 . This amounts to considering ∆ 1 → ∆ 1 + δ∆ 1 and ∆ 2 → ∆ 2 + δ∆ 2 . The variation of the action (78) 
+ e −2iω .
Similarly to the discussion in Sec. 3.1, some of this general deformation turns out to be equivalent to a coordinate transformation r → r + δr. One easily sees that for rescalings δr = εr, the variation of the action δL| repar can be written in a factorized form, similar to (79). By appropriately tuning ε versus δℓ 1 and δℓ 2 , one can possibly simplify δL| tot = δL| repar + δL| δ∆ 1 ,δ∆ 2 . In particular, δL| tot may vanish for ℓ 2 δℓ 1 = ℓ 1 δℓ 2 , which corresponds to deformations that do not alter the shape of the ellipsis (like δℓ 1 = δℓ 2 respects the circle ℓ 1 = ℓ 2 ).
We will not further explore the general structure of δL| tot . The reason is that the generalized parafermions lack two basic properties which seem incompatible. First, since for a generic ellipsis one breaks one of the U(1)'s available for the circle, only the combination ζ = ∂ ϕ + ∂ ω remains a Killing vector with Any further classical investigation is of little relevance. We have good reasons to believe that the operators which deform the ellipsis at a generic point are exactly marginal, not factorizable though. In order to prove this statement, we must compute their anomalous dimensions. This is left for future work.
because it cannot be factorized in holomorphic times anti-holomorphic dimension-one currents. On the contrary, the marginal operator appears as a product of holomorphic and anti-holomorphic parafermions, dressed by a non-left-right-factorized function of the non-compact fields. We have proven in the purely bosonic case that the dressing allows for precisely adjusting the total conformal dimensions to (1, 1).
We have finally investigated the existence of a marginal generator all the way in the elliptic deformation. Our analysis is performed at a classical level and exhibits a natural generalization of the dimension-two operator of the circle. The latter is based on what we called elliptic parafermions that we have introduced and which mix the compact with the non-compact directions.
Although the computation of the anomalous dimension of the advertised marginal operator remains to be done, its generic structure strongly suggests that the background generated by NS5-branes distributed over an ellipsis is the target space of an exact conformal sigma model. The latter includes among other limiting cases the EguchiHanson geometry. Therefore, besides the relevance of our approach in the framework of conformal field theory, it also opens up new possibilities for description of physically relevant string backgrounds.
